In a core-collapse supernova, a huge amount of energy is released in the Kelvin-Helmholtz phase subsequent to the explosion, when the proto-neutron star cools and deleptonizes as it loses neutrinos. Most of this energy is emitted through neutrinos, but a fraction of it can be released through gravitational waves. We model the evolution of a proto-neutron star in the Kelvin-Helmholtz phase using a general relativistic numerical code, and a recently proposed finite temperature, many-body equation of state; from this we consistently compute the diffusion coefficients driving the evolution. To include the many-body equation of state, we develop a new fitting formula for the high density baryon free energy at finite temperature and intermediate proton fraction. We estimate the emitted neutrino signal, assessing its detectability by present terrestrial detectors, and we determine the frequencies and damping times of the quasi-normal modes which would characterize the gravitational wave signal emitted in this stage.
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PACS numbers:
I. INTRODUCTION
When a star with mass greater than about 8 M ⊙ exhausts its fuel, the electron Fermi pressure can not prevent the collapse of the stellar core. In a few milliseconds, the density of the collapsing core reaches the nucleon density, the pressure due to the nucleon Fermi degeneracy and nuclear interaction sets in, the collapse halts, and a shock wave is generated as the exterior core layers bounce off the core. Then, on a longer timescale the stellar core keeps on contracting as it cools and deleptonizes, while the shock wave proceeds through the stellar envelope. This part of the evolution is known as the Kelvin-Helmholtz phase, and the contracting stellar core is called proto-neutron star (PNS). This phase lasts for tens of seconds, during which the PNS matter is opaque to neutrinos. It has been shown that, after about 200 ms from the core bounce, the PNS evolution can be modeled as a sequence of quasi-stationary configurations, where neutrino diffusion determines the thermal and composition evolution of the hot remnant [1] [2] [3] . When the PNS has radiated about 10 53 erg ≃ 0.1 M ⊙ by neutrinos, the temperature is low enough for the matter to become neutrino transparent, and a neutron star is born.
The observation of a nearby supernova in the Large Magellanic Clouds in 1987, and the simultaneous detection of 19 neutrinos [4, 5] have been milestones for both astrophysics and particle physics. Since then, impressive progresses have been made in the modeling of super-nova (SN) explosions. Numerical codes have been developed to study the highly dynamical process of core collapse and core bounce. From the earlier 1D simulations, multi-dimensionality has been extended to one+two and one+three, while including more and more complex physical inputs (for a recent review, see e.g. [6] ). The effort in modeling the subsequent PNS phase has been comparatively smaller, even though a considerable amount of energy is emitted in this phase.
Because of its much longer timescale, for many years, the complex core-collapse numerical codes have not been able to describe the PNS phase. Only recently corecollapse codes have been able to describe the PNS phase [7, 8] , mainly with the aim of studying the nucleosynthesis processes due to the neutrino wind.
The quasi-stationary evolution of a PNS was firstly studied in [1] . After this first, seminal work in the past years a number of papers have addressed several related issues, as for instance the sensitivity of the PNS evolution and of the related neutrino signal to the nuclear Equation of State (EoS) [2, 3, 9] , the possible delayed formation of black holes [3, 9] , convective effects in presence of accretion [9] [10] [11] [12] [13] , and nucleosynthesis due to the neutrino wind [14] .
In addition, the frequencies at which a gravitational wave (GW) signal would be emitted by an oscillating PNS have been computed in [15, 16] , using quasiequilibrium configurations obtained from the evolutionary code of Pons et al. [3] , based on a mean field EoS. In [17] , a many-body EoS was employed, but the entropy and lepton fraction profiles were included "by hand" in order to mimic a time evolution similar to that found in [3] . The entropy and lepton fraction profiles were included in a similar way in [18] , in order to mimic the the profiles obtained, in the first second after bounce, by numerical core-collapse simulations. However, the EoSs they employed (such as that of Lattimer and Swesty [19] ) are more appropriate to describe the core-collapse phase than the PNS evolution. We remark that, up to now, finite temperature, many-body nuclear dynamics have not been included in a consistent way (i.e., accounting for the modifications in the neutrino cross sections) in PNS evolution.
In this paper we describe the results of a new PNS evolutionary code and a formula that allows to fit a general nucleonic EoS at finite temperature, as the recently proposed many-body EoS of [20, 21] . Using this code and three different EoSs (among which, the many-body EoS proposed in [20, 21] ), we study the PNS evolution during the Kelvin-Helmholtz phase. We estimate the neutrino luminosity, and compute the frequencies and damping times of the PNS quasi-normal modes (QNMs), which characterize the emitted GW signal.
The work is organized as follows. In Sec. II we describe the nucleonic EoSs adopted in this paper and a new nucleonic fitting formula for the free energy. In Sec. III we describe how we compute the diffusion coefficient, and show how do we effectively describe the baryon singleparticle spectra by means of effective masses and singleparticle potentials. In Sec. IV we show the results of our evolutionary code, and discuss how the relevant quantities, which describe the stellar structure and the neutrino luminosity, change in time. We also determine the neutrino signal in the Super-Kamiokande III detector for our models. In Sec. V we describe the computation of the QNM frequencies and damping times, and we discuss how the first QNMs change as the PNS evolve. We derive a relation between the frequencies of the fundamental mode and of the first pressure mode, and the mean stellar density. In Sec. VI we draw our conclusions. In Appendix A we provide the details of the fitting procedure of the nucleonic EoS; in Appendix B we discuss the convergence of our PNS code and justify some of the approximations made; in Appendix C we tabulate the frequencies and damping times of the QNMs of the stellar configurations we consider.
Unless otherwise stated, we set to unity the speed of light, the Boltzmann constant, and the gravitational constant c = k B = G = 1. The "microscopic" masses, like the bare and effective masses of neutron and proton, are given in MeV. The "macroscopic" masses, that is, the PNS baryon and gravitational masses, are given in terms of the Sun mass M ⊙ . We include the rest mass in the chemical potential and in the energy density.
II. THE EQUATION OF STATE
In this paper we compare three different finitetemperature nucleonic EoSs: a mean field EoS, GM3 [22, 23] ; a nuclear many-body EoS, CBF-EI, obtained using the correlated basis function theory [20, 21] ; and a model based on the extrapolation from the measured nuclear properties, LS-bulk [19] . In all EoSs the leptonic part consists of a Fermi gas of non-interacting electrons, positrons and neutrinos of all flavours, where neutrinos are treated as massless particles. The baryonic part consists of an interacting Fermi gas of protons and neutrons. We neglect the Coulomb force between protons (which is screened by the electrons), we assume chargeindependent nuclear interactions, and the proton and neutron bare masses are set equal, m p ≡ m n . Since we are interested in the evolution of a proto-neutron star, pasta phases or a solid crust are not included in our model. We have checked a posteriori that this approximation is justified, since the PNS temperature is always above the critical temperature for the formation of alpha particles, with the exception of the end of the cooling phase, when this approximation is no longer accurate in the region near the stellar surface (see Appendix B 3).
In the GM3 EoS, baryons-described by quantum fields-interact through the exchange of bosons (the σ, ω and ρ mesons). The resulting equations of motion are solved in the mean field approximation, which amounts to treating mesons as classical fields. The LS-bulk EoS, specifically designed to be easily implemented in stellar collapse simulations, is based on a dynamical model constrained by nuclear phenomenology, and correspond to the bulk part of the Lattimer and Swesty [19] EoS. The CBF-EI EoS (that stands for "Correlated Basis Functions -Effective Interaction") has been obtained within nonrelativistic many-body theory, using a realistic nuclear Hamiltonian, which includes the Argonne v ′ 6 and the Urbana IX nuclear potentials. The formalism of correlated basis functions and the cluster expansion technique have been used to devise an effective nucleon-nucleon potential, which includes the effects of both two-and threenucleon forces, as well as nuclear correlations. This effective potential is well behaved and allows to describe both cold and hot matter, at arbitrary proton fraction at the Hartree-Fock level.
It is easy and fast to compute the GM3 and LSbulk EoSs during the simulation. Conversely, due to their heavy computational cost, this procedure cannot be adopted for many-body EoSs (like CBF-EI). Therefore, one should resort either to an interpolation, or to a fit. Since we are studying the evolution of a PNS, we would need thermodynamical consistency and continuity of the second order derivatives of the free energy [24] . It is difficult to interpolate a table in a thermodynamically consistent way, because in a PNS the EoS is characterized by three independent variables (see below). Therefore, to describe the baryon interaction we will find, and use, a fitting formula.
A. Thermodynamical relations
The first law of thermodynamics can be written in terms of an infinitesimal variation of f , the free energy per baryon, as
with
where s is the entropy per baryon, P the pressure, T the temperature, n B the baryon number density, µ i and Y i are the chemical potential of particle i and its particle fraction (i.e., the number of particles i per baryon) respectively. Note that f ≡ e − T s, e being the energy per baryon. In the following we will also use the energy density ǫ ≡ en B . We remark that we include the rest mass in the energy and in the free energy, and therefore the chemical potentials include the rest mass. Since the number fractions {Y i } are not independent variables, one should consider the equation
rather than Eq. (4). If only neutrons and protons are present, Eq. (5) gives
where the subscript B means that we are considering only the baryon part of the EoS.
B. Baryon free energy fitting formula
In this section we shall discuss a fitting formula for the interacting part of the baryon free energy; we remark that all thermodynamical quantities can be obtained in terms of partial derivatives of the free energy. We shall not consider here the kinetic part, which is the standard fermionic free energy (see Sec. II C), and the leptonic free energy, which will also be discussed in Sec. II C. In the following, the superscripts I and K refer to the interacting and kinetic parts of the thermodynamical quantities, respectively:
To begin with, we discuss the dependency of f I B on the proton fraction Y p . In a zero-temperature EoS, the baryon free energy coincides with the baryon energy e B . Its dependence on Y p is well approximated [25] by
where e Following [26] , we assume that finite-temperature effects do not modify the functional dependency of f I B on the proton fraction, i.e.
where f I SNM and f I PNM are the baryon interacting free energies per baryon for symmetric and pure neutron matter. We verify the accuracy of this assumption a posteriori: for given values of temperature and baryon density, the difference between the interacting baryon free energy and the quadratic fit in Y p is 0.02 MeV for the GM3 EoS and 0.05 MeV for the CBF-EI EoS, to be compared with an interacting baryon free energy on the order of ∼ 10 MeV.
We now discuss the dependency of the interacting part of the baryon free energy on the temperature and on the baryon number density, i.e. the fitting formulae of symmetric and pure neutron matter, f I SNM (T, n B ) and f I PNM (T, n B ), appearing in Eq. (10) . In the literature, there is no generally accepted fitting formula for these functions [19, [26] [27] [28] [29] . In order to perform our evolutionary numerical simulations, we need a fitting formula which is accurate in a wide density range, extending from n B 0.5 fm −3 to n B 0.001 fm −3 relevant for the core and the crust of the star, respectively. Therefore, we can not use the fitting formula of [26] , which is only accurate for large densities. Moreover, we need a free energy with continuous second-order derivatives. Finally, the following constraints have to be fulfilled: (i) s → 0 as T → 0; (ii) in the low density limit the EoS must tend to that of a free gas, i.e., f I B → 0, s I B → 0, and P I B → 0, as n B → 0. Under these conditions, in the range of temperatures and densities considered (see Appendix A), we find that a good trade-off between number of parameters and precision of the fit is given by the following polynomial fitting formula:
where j = {SNM; PNM}. We have performed the fit (10), (11) for the EoSs GM3 and CBF-EI. The details of the fitting procedure, and the values of the coefficients a n,i , for these two EoSs are given in Appendix A. For the LSbulk EoS we have used the analytical expression given in [19] , 
This choice of parameters corresponds to a binding energy BE = −16 MeV, a saturation density n s = 0.155 fm −3 , an incompressibility at saturation K s = 220 MeV, a symmetry energy parameter at saturation S v = 29.3 MeV, and a vanishing neutron-proton mass difference ∆ m . As a comparison, the GM3 EoS has n s = 0.153 fm −3 , BE = −16.3 MeV, K s = 240 MeV, S v = 32.5 MeV, and ∆ m = 0 [23] ; the CBF-EI EoS has n s = 0.16 fm −3 , BE ≃ −11 MeV, K s = 180 MeV, S v = 30 MeV, and a vanishing bare neutron-proton mass difference (conversely, the proton and neutron effective masses are different and change with density, temperature and composition). In Fig. 1 we show the mass-radius diagram for cold neutron stars for the three EoSs. To generate them, we have computed the zero-temperature EoSs at beta equilibrium, considering both muons and electrons. The CBF-EI EoS has been linearly extrapolated in the logarithms of P , n B , and ǫ for densities higher than n B = 0.48 fm −3 , enforcing causality (c s ≤ 1). This is necessary to describe the central region of stars with a gravitational mass M 1.64M ⊙ , corresponding to a baryonic mass M b 1.84M ⊙ . The maximum mass for GM3 and LS-bulk is M max ≃ 2.02M ⊙ , while for CBF-EI we get M max ≃ 2.34M ⊙ .
C. Numerical implementation of the complete EoS
In Sec. II B we discussed the interacting part of the baryon EoS (composed of protons p and neutrons n). In addition, for the baryon kinetic part and for electrons and positrons we have adopted the EoS of free fermions given in [30, 31] , and for the three neutrino families the EoS of free massless fermions given in [19] [Eqns. (C.1) and (C.3)]. The thermodynamical quantities of the i-th lepton are given in terms of the temperature and of the corresponding chemical potential µ i .
During the PNS evolution other particles are expected to appear, like hyperons, muons, and tauons. Since we are mostly interested in comparing how mean-field and many-body EoSs affect the PNS evolution, we have focused on nucleons (many-body EoSs have been developed mainly for nucleons). Moreover, we do not include muons or tauons (as done also in [1, 3] ), since a consistent treatment of these particles would considerably increase the complexity of the transport scheme.
The PNS structure and the transport equations (Sec. IV A) suggest to use as independent variables the pressure P , the entropy per baryon s, and the electron lepton fraction
To determine the different thermodynamical quantities of the complete EoS in terms of these variables, we use a Newton-Raphson cycle, in which we exploit the fitting formula discussed in Sec. II B for the baryonic interacting quantities, along with the leptonic EoS mentioned above, and we assume charge neutrality
and the requirement that muon and tau neutrinos are not trapped:
It is easy to obtain the GM3 quantities by directly solving the corresponding mean-field equations. For this reason, we have used GM3 as a benchmark for the fitting procedure of the baryon free energy.
D. EoSs comparison
In this Subsection we compare the features of the three EoSs, and the accuracy of our fit for the baryon free energy, by considering three cases: (i) Y L = 0.4 and s = 1, (ii) Y ν ≡ Y νe = 0 and s = 2 (corresponding to the end of the deleptonization phase), and (iii) Y ν ≡ Y νe = 0 and T = 5 MeV (which is the condition in most of the star at the end of our simulations, i.e., toward the end of the cooling phase).
In Fig. 2 we compare the behaviour of the EoS GM3 (continuous line), GM3-fit obtained using the fitting formula (crosses), LS-bulk (dashed line), and CBF-EI (dotdashed line). We plot the pressure, the energy density, The pressure (upper panels), the energy density (middle panels), and the speed of sound (bottom panels) are plotted versus the baryon number density for the EoSs considered in this paper, and for different values of selected parameters (cases (i)-(iii) described in Sec. II D). The black solid line refers to the GM3 EoS determined by solving numerically the mean-field equations, the black crosses to the GM3 EoS determined through the fit and the procedure described in Sec. II C, the blue dashed line to the LS-bulk EoS, and the red dot-dashed line to the CBF-EI EoS. and the sound speed, c s , as functions of the baryon number density, for the cases (i)-(iii) discussed above. Fig. 2 clearly shows that GM3-fit reproduces the behaviour of GM3 EoS.
As already noted by Pons et al. [3] , the pressure and the energy density in the three cases have a similar dependence on the number density, since they mainly depend on the baryon interaction and degeneracy, rather than on temperature. At the saturation density n s (whose exact value is slightly different for the three EoSs, but is in the range n s = 0.15-0.16 fm −3 ), the sound speed is slightly larger (lower) for the EoS with larger (lower) incompressibility parameter K s . At high baryon density, the sound speed of the CBF-EI EoS is larger than that of the LSbulk and GM3 EoSs: this is due to a well-know problem of the many-body EoSs, which violate causality at very high density. However, in the regime of interest for this paper, this unphysical behaviour can safely be neglected.
In Fig. 3 we plot the temperature versus n B for Y L = 0.4 and s = 1, and Y ν ≡ Y νe = 0 and s = 2 (left and central panels) and the entropy per baryon for Y ν ≡ Y νe = 0 and T = 5 MeV (right panel). From the right panel we see that, at a fixed temperature, GM3 reaches a given value of the entropy for a baryon density lower than that of LS-bulk and higher than that of CBF-EI. This behaviour may be traced back to the fact that particles in the GM3 EoS are less correlated than in the CBF-EI EoS, and more correlated than in the LS-bulk EoS. Therefore, the CBF-EI describes a "more ordered" nuclear matter than GM3 and the entropy is lower. The left and central panels of Fig. 3 , where we plot the temperature for fixed values of the entropy, show that CBF-EI is hotter than GM3, which is hotter than LS-bulk. As in Fig. 2 , the GM3-fit reproduces the behaviour of GM3 EoS.
III. NEUTRINO DIFFUSION COEFFICIENTS A. The equations
The diffusion coefficients D 2 , D 3 , D 4 employed in the PNS evolution (Sec. IV) are given in [3] :
where
1 and the total mean free path of a ν i neutrino of energy ω, respectively, and x = ω/T . The ν i neutrino cross section of the j-th reaction is denoted with σ νi j . All quantities depend upon the temperature and the particle chemical potentials, which are determined by the underlying EoS.
To determine the σ νi j we adopt the mean-field approach of [32] [Eq. (82)] that accounts for in-medium effects, including the scattering of all neutrino types on electrons, protons, and neutrons, and the absorption of electron neutrinos and electron anti-neutrinos on neutrons and 1 Here we set = 1 and assume that integrals are normalized as in [3, 32] .
protons, respectively, with the corresponding inverse processes, i.e.
Furthermore, we assume that the cross-sections of all non-electronic neutrinos coincide with that of muon neutrinos. We do not include nucleon-nucleon Bremsstrahlung [33] .
B. Effective masses and single-particle potentials
Identifying single-particle properties in interacting systems involves non trivial conceptual difficulties. However, due to translation invariance, in infinite matter single-particle states are labeled by the momentum k, and the corresponding spectrum can be unambiguously identified. Within the non-relativistic many body theory, the spectrum of an interacting particle can be expressed as
where k = |k| and U (k) is the momentum-dependent single-particle potential. A widely used parametrization of E(k) is given in terms of momentum-independent effective mass m * and singleparticle potential U
Since the baryonic contributions to the mean free paths and diffusion coefficients are mostly given by particles whose energies are close to the particle chemical potential, it is convenient to determine m * and U from the behaviour of the spectrum near the Fermi momentum
where i = ({p; n}, Y p , T, n b ). Within the CBF-EI approach E(k) has been obtained at the Hartree-Fock level using the same effective potential employed for the calculation of the EoS. Therefore, the effective masses and the single-particle potentials are consistent with the EoS.
Eq. (28) can be easily generalized to the relativistic case
where we have introduced U * = U −m * +m. To treat the neutrino transport for the CBF-EI EoS consistently with that of the GM3 and LS-bulk EoSs, we compute the neutrino diffusion coefficients using Eq. (31) and the effective masses and single-particle potentials given in Eqs. (29) and (30) .
We have verified that this approach reproduces, for the CBF-EI EoS, the correct baryon densities within ∼ 10% at saturation density 2 . This is important, because the neutrino mean free path [Eq. (21)] is an "intensive" quantity, and it depends on the baryon distribution functions. A discrepancy on the baryon densities n B and the proton fraction Y p would yield diffusion coefficients computed at wrong values of n B and Y p .
This applies also to the LS-bulk EoS, for which we have assumed that the baryon effective masses are equal to the neutron bare mass. To satisfy the aforementioned constraint (that the effective spectrum description yields the correct baryon density and proton fraction), we use a non vanishing single-particle potential given by
where i = {p; n}, µ is the chemical potential, and µ
I
and µ K are the interacting and free part of the particle chemical potential, respectively.
C. Numerical implementation
The neutrino diffusion coefficients are evaluated in the PNS evolution code by linear interpolation of a threedimensional table, evenly spaced in Y ν (the neutrino number fraction), T , and n B . The table has been produced consistently with the underlying EoS, in the following way. We have first solved the EoS using the method described in Sec. II C, obtaining the proton fraction Y p as function of Y ν , T , and n B . The proton and neutron chemical potentials, effective masses, and the single-particle potentials for the GM3-fit and CBF-EI EoSs have been obtained by linear interpolation of a table evenly spaced in Y p , T , and n B . From these quantities, we determine the neutrino cross-sections, and finally the neutrino diffusion coefficients [Eqs. (17)- (20)].
D. EoS comparison
In Fig 4 we plot the neutrino diffusion coefficient D 2 , the electron neutrino scattering mean free path, and the baryon effective masses in the three cases described in Sec. II D. The incident neutrino energy which we have used to compute the neutrino mean free path is E νe = max(µ νe , πT ). To understand the role of the interactions and of finite temperature in the neutrino diffusion, we consider their effects on the baryon distribution function. To fix ideas, let us consider the distribution function of a non-relativistic fermion gas,
If one decreases the temperature T or effective mass m * , f approaches a Heaviside function, whereas increasing T or m * it becomes smoother. Because of the Pauli principle, at lower temperatures T and effective masses m * lower energy neutrinos can interact only with particles near the Fermi sphere, and therefore the mean free paths and diffusion coefficients increase. Conversely, a greater temperature and effective mass imply that the mean free paths and the diffusion coefficients are smaller. The scattering mean free paths reflect the temperature dependence of the three EoSs: when the matter is hotter, the scattering is more effective (cf. lower plots of Fig. 3 ). At equal temperature, the interaction is more effective when the effective mass is greater. The behavior of the diffusion coefficient D 2 results from a complex interplay between scattering and absorption, for which the effective masses and single particle potentials play an important role. The comparison between the diffusion coefficient D 2 for the three EoSs suggests that towards the end of the cooling phase (in which the thermodynamical conditions are roughly similar to those in the right plots of Fig. 4) , the CBF-EI star evolves faster than the other EoSs.
As in Figs. 2 and 3, GM3-fit (for which the baryon spectra effective parameters are determined by table interpolation, Sec. III C) reproduces the results of the GM3 EoS.
IV. PNS EVOLUTION A. The equations
We developed a numerical code to model the PNS evolution. Our code is similar to that of Pons et al. [3] : it is energy averaged (the neutrino distribution function has been assumed Fermi-Dirac and in thermal equilibrium with matter), general relativistic (we include GR consistently both in the stellar structure and in the neutrino transport), spherically symmetric (the stellar structure is determined by integrating the TOV equations), and flux limited (we use the diffusion approximation and apply a flux limiter to preserve causality in the optically thin regions near the border). Since we want to focus on how the EoS affects the evolution and the gravitational wave emission, we do not include convection in our simulations (see e.g. [10] for a PNS simulation including convection with the mixing length theory) nor accretion [9, [11] [12] [13] , that are both present in this phase. The spacetime metric is
where φ and λ are metric functions that depend on the radius r, t is the time for an observer at infinity, and dΩ is the element of solid angle. The stellar structure, at each timestep, is given by the TOV equations,
where r is the radius, m is the gravitational mass at radius r, a is the enclosed baryon number at radius r, ǫ is the total energy density (matter plus neutrino energy density), and the metric function λ is given by
The neutrino diffusion equations are [3, 34] 
where F ν and H ν are the neutrino number and energy 3 fluxes, respectively, η = µ νe /T is the electron neutrino degeneracy, and the diffusion coefficients D 2 , D 3 , and D 4 are given by Eqs. (17), (18), and (19) .
Yν e is the total electron lepton fraction. Previous PNS studies have found that the beta equilibrium does occur almost everywhere in the star during the evolution [1, 3] . Therefore, to additionally simplify 3 Eq. (43) is derived from the sum of the transport equations for the neutrino and matter energy,
where S E is the energy and momentum integrated source term for the energy [3] . Comparison between the diffusion coefficient D2 (upper panel), the electron neutrino scattering mean free paths [middle panel, the neutrino incoming energy is Eν e = max(µν e , πT )], and the baryon effective masses, m * /mn (lower panel) for the three EoSs considered in this paper in the three cases described in Sec. II D. For the GM3 EoS, the effective masses of proton and neutron are identical [22, 23] . We do not show the LS-bulk EoS effective masses, since we have set them equal to the bare ones, m * {p,n} /mn = 1. Colors and line-styles are as in Fig. 2 , apart for the line-styles in the lower panel, where the CBF-EI proton (neutron) effective masses are dotted (double-dashed).
the equations, we enforce beta equilibrium (Eq. (14) , as in [2] ). We have checked a posteriori that beta equilibrium is respected almost everywhere in the star during the evolution, apart for a thin region near the stellar surface at early times (see Appendix B 2).
B. Numerical implementation
In a PNS in beta equilibrium, all thermodynamical quantities can be uniquely determined in terms of three independent variables. A natural choice, looking at the evolution and structure equations, is to use as independent variables the pressure P , the entropy per baryon s, and the lepton fraction Y L (see Sec. II).
We started the simulation assuming entropy and lepton fraction initial profiles similar to those of Pons et al. [3] (see Fig. 5 ), that is, the profiles obtained in Wilson and Mayle [35] at the end of their core-collapse simulation (200 ms after core bounce). The entropy and lepton fraction content of the PNS depend on the stellar mass. To qualitatively reproduce this behaviour, we have rescaled the entropy and lepton fraction profiles with the stellar baryon mass M B ,
where the prime refers to the reference profiles of Wilson and Mayle [35] . Using these initial entropy and lepton fraction profiles at 200 ms, we have first determined the initial structure of the star solving the TOV Eqs. (35)- (38) by numerical relaxation ( [36] , Sec. 17.3). We have then evolved the star solving separately the structure and diffusion equations in a series of iterative predictorcorrector steps, as in [3] . To prevent superluminar fluxes, the neutrino number and energy fluxes [Eqs. (40) and (41)] have been numerically limited using the flux limiter of Levermore and Pomraning [37] , which is relevant near the stellar surface, where the matter is optically thin to neutrinos and the diffusion approximation breaks down. We discuss the numerical convergence of our code in Appendix B 1. More details on the code are reported in [38] .
C. Results
We now discuss how the PNS evolution depends on the EoS adopted and the total stellar baryon mass. In Fig. 6 we show the evolution of the central and maximum temperature, central entropy per baryon, central neutrino and proton fraction, and central baryon density for the three nucleonic EoSs considered in this paper and TABLE I. Significant quantities describing the PNS evolution for the three EoSs described in this paper and for three stellar baryon masses. The first column contains the name of the EoS, the second column contains the stellar baryon mass, the third and fourth columns contain the maximum central temperature and the corresponding time (the latter approximately corresponds to the end of the Joule-heating phase), respectively, the fifth column contains the time at which the central neutrino fraction becomes equal to Yν = 0.005 (this is an indication on the duration of the deleptonization phase), and the sixth column contains the time at which our simulation ends (namely, when the central temperature becomes equal to T = 5 MeV). All simulations start at tstart = 0.2 s.
EOS for the total baryon mass M B = 1.60 M ⊙ . It is apparent that the evolution with the GM3-fit EoS reproduces that with the GM3 EoS. Therefore, in the rest of this paper we do not distinguish between the GM3-fit and GM3 EoS. In Tab. I we summarize the timescales of the evolutionary phases and the maximum central temperature for the three EoSs and for three stellar baryon masses M B = (1.25, 1.40, 1.60) M ⊙ . In Fig. 7 we plot the time dependency of the total neutrino luminosity, gravitational mass, and stellar radius of a PNS evolved using the three EoSs discussed in this paper and with the stellar baryon masses M B = (1.25, 1.40, 1.60) M ⊙ . The qualitative behaviour of the stellar evolution is the same for the three EoSs and the three stellar masses, even though the timescales and the thermodynamical profiles are quantitatively different (Fig. 6 and Tab. I). At the beginning of the evolution, which is 200 ms from core bounce, the PNS has a (relatively) low entropy core and a high entropy envelope (see Fig. 5 ). The neutrino chemical potential initially is very high in the center of the star; the process of neutrino diffusion transfers this degeneracy energy from neutrinos to the matter and this causes the heating of the PNS core. Moreover, on timescales of about 10 s, the star contracts from about 30 km to its final radius of about 12-13 km. The region which is affected the most from this contraction is the envelope, whose temperature significantly increases. At the same time, the steep negative neutrino chemical potential gradient in the envelope causes a deleptonization of the envelope. The neutrinos leave the star, bringing with them energy. The joint effect of the envelope heating caused by contraction and the cooling caused by neutrino emission is apparent in the behaviour of the maximum stellar temperature: before the central temperature, T c , reaches its maximum, the maximum temperature reached in the interior of the star, T max , increases, reaches a maximum value, and then decreases (Fig. 6) . The initial phase, during which the central temperature increases, lasts for several seconds and has been referred to as Joule heating phase in previous works [1, 2] . We may place the end of this phase approximately at the time T c reaches its maximum (vertical dotted lines in Fig. 6 ); at that time the central temperature is also the maximum stellar temperature (see Fig. 6 ).
After the Joule heating phase, there is a general cooling of the star as the deleptonization proceeds. In [1, 2] it was found that the end of the Joule heating phase coincides with the end of deleptonization, whereas in [3] , with the GM3 EoS and a more refined treatment of neutrino opacities, it was found that the deleptonization is longer than the Joule-heating phase. We agree with this last result for the stars with the GM3 and LS-bulk EoSs, whereas in the case of the CBF-EI EoS we find that most of neutrinos have been radiated away by the end of the Joule-heating phase (Fig. 6 and Tab. I).
Our results for the M B = 1.60 M ⊙ PNS with the GM3 EoS are in qualitative agreement with those of [3] . In particular, the duration of the Joule-heating phase is in good agreement (cf. Fig. 6 of this paper with Fig. 17 in [3] ); however we find lower stellar temperatures and a shorter cooling phase.
We think that the quantitative differences 4 between our results and those of [3] are due to differences in the 4 The differences amount in about 10% in the value of the central temperature maximum and of the deleptonization time, and in initial profiles and in the details of the treatment of the diffusion processes. For each EoS, the evolutionary timescales are smaller for stars with smaller baryonic mass, see Tab. I. This is due to the way we have rescaled the initial entropy per baryon and lepton fraction profiles with M B , but also to the fact that a lower stellar mass corresponds to lower baryonic densities and then to longer neutrino mean free paths. We also notice that a lower stellar mass corresponds to lower temperatures. This again depends on the initial entropy profiles and on the different densities present in the star, see Fig. 3 : at a given entropy per baryon and lepton (or neutrino) fraction, lower densities (i.e. lower masses) correspond to lower temperatures. To simulate a fully consistent PNS evolution, one should use initial profiles generated by core-collapse simulations of stars with the same baryonic mass (see [3] for a study on how the initial conditions affect the PNS evolution). Fig. 3 shows that, at fixed entropy, CBF-EI EoS is hotter than the GM3 EoS, which is hotter than the LS-bulk EoS (see discussion in Sec. II D). Since, for a given stellar mass, the initial entropy profiles are the same for the three EoSs, then the CBF-EI star reaches temperatures higher than the GM3 stars, which in turn reaches temperatures higher than the LS-bulk star, see Fig. 6 and Tab. I.
The fact that the LS-bulk evolution is slower than the GM3 one, which in turn is slower than that of the CBF-EI EoS, may well be explained by the fact that in the less than 2% for the time of the end of Joule-heating phase, compare Tab. I and Fig. 17 many-body CBF-EI EoS nuclear correlations are stronger than in the mean-field GM3 EoS, in which in turn are stronger than in the LS-bulk EoS (where the baryon masses are equal to the bare ones). A smaller neutrino cross section is a consequence of a greater baryon correlation (Sec. III D). This effect is relevant even at the mean-field level, where one adopts the description of the baryon spectra in term of effective masses and singleparticle potentials to obtain the diffusion coefficients. For example, the fact that the proton effective mass is significantly smaller than the neutron one in the CBF-EI framework is a consequence of the tensor correlations which are stronger in the n-p channel than in the n-n or p-p channels.
To check this interpretation, that is, that the different timescales are mainly due to the details of the microphysics (i.e., the baryon spectra and hence the neutrino mean free paths and diffusion coefficients), we have run a simulation of a M B = 1.60 M ⊙ PNS with the LS-bulk and CBF-EI EoSs, but with the diffusion coefficients of the GM3 EoS. As expected, we find out that the LSbulk timescale is reduced with respect to that of a selfconsistent simulation (i.e., using the LS-bulk diffusion coefficients), and the CBF-EI timescale is increased with respect to that of a self-consistent simulation. Of course, the timescales and the evolutionary profiles found in this non-consistent manner are not equal to those corresponding to the GM3 EoS, the differences due to the details of the EoSs. Both the EoS and the neutrino mean free paths influence the PNS evolution; in fact, each EoS has a different thermal content and neutrino degeneracy, and different thermodynamical derivatives that determine how the stellar profiles change while energy and leptons diffuse through the star.
D. Neutrino luminosity
In 1987 a supernova (SN1987a) has been observed in the Large Magellanic Cloud [39] . Together with the elec- tromagnetic signal, 19 neutrinos were detected by the Cherenkov detectors Kamiokande II [4] and IMB [5] . These neutrinos have been observed on a timescale of ten seconds, and are therefore thought to have been emitted during the PNS phase. However, they were too few to accurately constrain the emitted neutrino spectrum and its time dependence (see e.g. [40] ) and to give unambiguous answers about the proto-neutron star physics [2, 3, 9, 40] . Today, with the current detectors, a SN event such that of 1987 would generate ∼ 10 4 neutrino detections [41] , that would provide valuable information on the physical processes dominating the PNS evolution. It is therefore fundamental to determine how the underlying EoS modifies the PNS neutrino signal.
Our code has some limitations in reconstructing the emitted spectrum; besides the spherical symmetry it assumes: (i) beta equilibrium, (ii) a Fermi distribution for all neutrino species, and (iii) a vanishing chemical potential for the muon and tauon neutrinos everywhere in the star. The assumptions (i) and (ii) are reasonable in the interior of the star, and lose accuracy near the stellar border, where the diffusion approximation breaks down and in practice the fluxes are always flux-limited. To obtain a precise description of the neutrino emitted spectrum, one has to employ multi-flavour multi-group evolutionary codes (see e.g. [14] ), that possibly also account for neutrino leakage near the stellar border. This is outside the aims of our work; however our approximations are reasonable as far as one is interested in total quantities, in particular the total neutrino luminosity L ν (Fig. 7) , which is equal to minus the gravitational mass variation rate,
where H ν (R) is the neutrino energy luminosity at the stellar border. We determine the formula to estimate the signal in terrestrial detectors following [9] and applying a slight modification introduced by [3] , and we specify our results for the Super-Kamiokande III detector [41, 42] . The main reaction that occurs in a water detector like SuperKamiokande is the electron antineutrino absorption on protons,ν e + p → n + e + (Eq. (1) of [41] ). The number flux of antineutrinos arriving at the detector is given by
whereñ p ≃ 6.7 × 10 31 kton −1 is the number of free protons (i.e., hydrogen atoms) per unit water mass of the detector,σ 0 = 0.941 × 10 −43 cm 2 MeV −2 , M is the water mass of the detector, D is the SN distance from the detector, G W is a modified and truncated Fermi integral, E th is the incoming neutrino energy threshold (to cut off the low-energy neutrino background that is a noise for high-energy SN and PNS neutrinos, [41] ), ∆ m is the neutron-proton mass difference, m e is the electron mass, and W (E) is the efficiency of the detector at incoming neutrino energy E ≡ xT . e φν , T ν , and µν e are the redshift, temperature, and antineutrino chemical potential at the neutrinosphere, that is the sphere inside the PNS at whose radius R ν neutrinos decouple from matter (therefore, e φν T ν and e φν µν e are the temperature and the chemical potential at the neutrinosphere, seen by an observer at infinity).
We take Super-Kamiokande III as reference detector, and therefore M ≃ 22.5 ktons [41] , E th = 7.5 MeV, and W is reported in Fig. 3 of [42] and is one for E > E th . We consider a galactic PNS, D = 10 kpc, and assume that the neutrinosphere is at the radius at which the (total, of all flavours) neutrino energy flux becomes one third of the (total, of all flavours) neutrino energy density, H ν /ǫ ν = 1/3. Finally, we take the electron antineutrino energy to be one sixth of the total, Lν e = L ν /6, since (i) at the neutrinosphere all neutrino type chemical potentials are very small and (ii) we do not account for neutrino oscillations (which would enhance the flux by about 10% [41] ).
The neutrino signal rate and total signal for the three EoSs are shown in Fig. 8 . Since the binding energies of the cold neutron star of the three EoSs we consider are very similar (see Fig. 7 ), the total energies emitted by neutrinos during the PNS evolution are very similar too. On the other hand, the rate of antineutrino emission and the temperature at the neutrinosphere varies according to the underlying EoS. Therefore, there is an EoS signature on the cumulative antineutrino detection. The signal of the CBF-EI PNS is noticeably larger than the other EoSs, even though its gravitational binding energy at the end of the evolution is between those of the LSbulk and GM3 EoSs (Fig. 7) . This is due to the fact that the higher temperatures of the CBF-EI EoS cause a smoother antineutrino distribution function at the neutrinosphere, and hence more antineutrinos have an energy greater than the threshold E th at the detector.
The different evolutionary timescales for the three EoSs and stellar masses correspond to different signal timescales, that may easily be inferred from the antineutrino detection rate. The antineutrino detection rates for the three EoSs and the three stellar masses are qualitatively very similar. During the first ten seconds the LSbulk and GM3 stars have very similar detection rates; at later times, the detection rates become different, because the LS-bulk star has a longer evolution than the GM3 star. The CBF-EI star, instead, has the peculiarity of maintaining a higher antineutrino emission rate during the Joule-heating phase (approximately, during the first ten seconds), which is due to the faster deleptonization that we have already discussed in Sec. IV C and to higher temperatures. 
V. GRAVITATIONAL WAVES FROM QUASI-NORMAL MODES
A supernova explosion is a highly energetic event and the PNS which is formed as a remnant is expected to oscillate wildly. The relativistic theory of stellar perturbations [43, 44] predicts the existence of stellar oscillation modes, the so-called quasi-normal modes (QNMs), through which the star loses energy emitting gravitational waves (GWs). To find the frequencies of these modes, in the case of a spherical, non rotating star, Einstein's equations are perturbed about the background (34) , and the perturbed functions are expanded in spherical harmonics and Fourier-transformed. Thus, the spacetime metric describing the perturbed spacetime can be written as
where Y lm (ϑ, ϕ) are the scalar spherical harmonics and H 0 (r, ω), H 1 (r, ω), K(r, ω) describe the polar metric perturbations. A fluid element in a point x µ is displaced by the perturbation in the new position x ′µ = x µ +ξ µ , where the displacement vector ξ µ can be written as
The perturbations of the energy density and pressure of the fluid composing the star are expanded in the same way. Due to the decomposition in spherical harmonics and to the Fourier expansion, the linearized Einstein+hydro equations do separate, and are reduced to a set of coupled, linear ordinary differential equations for the radial part of the perturbed fluid and of the metric functions.
A QNM is defined as a solution of the perturbed equations which is regular at the center, continuous at the stellar surface, and which behaves as a purely outgoing wave at radial infinity. The set of discrete values of the complex frequency ω = 2πν + ı/τ for which these conditions are satisfied are the QNM eigenfrequencies: the real part is the pulsation frequency ν, the imaginary part is the inverse of the damping time τ .
The QNMs are classified according to the nature of the restoring force which prevails in bringing back the perturbed fluid element to the equilibrium position. For the p n -modes, or "pressure modes", (n = 1, 2, . . . ) the main restoring force is due to pressure; for the g n modes (n = 1, 2, . . . ), or "gravity modes", the main restoring force is buoyancy. The order n of the mode corresponds to the number of nodes of the radial eigenfunction of the displacement vector. The f -mode, i.e., the fundamental mode of the star, describes the global pulsation motion of the fluid, and has no radial nodes. In a cold neutron star, typical values for the QNM frequencies and damping times are ν f ≃ 1.5 − 2.5 kHz, τ f ≃ 0.1 s, ν p1 ≃ 5 − 10 kHz, and τ p1 = 1 − 10 s. The g-modes are due to the presence of thermal and/or composition gradients; in absence of composition gradients, all g-modes of a cold neutron star degenerate to zero frequency. Conversely, they are present in a PNS [15, 17] , as we shall show below.
To determine the quasi-normal mode frequencies at a given time t of the stellar evolution, we have first evolved the PNS, finding the profiles of the pressure P (r, t), the energy density ǫ(r, t), the baryon number density n B (r, t), and the sound speed, c s (r, t), for the three EoSs and the different values of the baryonic mass we consider in this paper. Then we have determined the "effective barotropic EoS" by inverting the pressure-radius profile, thus finding r = r(P, t) and then ǫ ef f (P ; t) = ǫ(r(P, t), t) and c ef f s (P ; t) = c s (r(P, t), t). Using these expressions, we have solved the equations of stellar perturbations (we used the formulation of [45] ), to find the frequencies and damping times of the first p-and g-modes and of the fundamental mode. We have evolved three stellar models with baryon masses (1.25, 1.40, and 1.60 M ⊙ ) and the EoSs LS-bulk, CBF-EI and GM3, which was used in [15] . For this EoS, the QNM frequencies we compute for the 1.60 M ⊙ star agree with those of "model A" of [15] within a few per-cent. We think that the small differences between our results and those of [15] are due to differences in the initial profiles and in the details of the treatment of the diffusion processes. The numerical values of the f -, g 1 -and p 1 -QNM frequencies and damping times are tabulated in Appendix C.
In Fig. 9 we show, as an example, how the QNM frequencies and damping times change during the first 5 seconds of the PNS life. The plots are given for the three EoSs we consider, and for a star with baryonic mass M B = 1.40 M ⊙ as an example.
In the upper panel we show the frequency of the g 1 -and of the f -modes, in the mid panel the frequency of the mode p 1 , and in the lower panel the damping time of the three modes. From the upper panel of Fig. 9 we see that during the first second, ν g1 approaches ν f , but they never cross. At later times, ν g1 increases, reaches a maximum and then decreases, whereas ν f does the opposite: it reaches a minimum slightly before ν g1 reaches its maximum, and then increases toward the asymptotic value of the corresponding cold neutron star. This behaviour is a general feature of the three EoS; however, the minimum (maximum) of ν f (ν g1 ) occurs at different times for different EoSs. In addition frequencies belonging to different EoSs differ, at each time, as much as ∼ 100-200 Hz. ν p1 also has a minimum (which was not found in [15] ), at earlier times with respect to ν f and ν g1 .
It may be noted that our results are qualitatively different from those of [17] and [18] , where the QNMs show a monotonic increase of the f -and p-modes, and a monotonic decrease of the g-mode. We think that this is due to the fact that a consistent evolution of the PNS is crucial to describe the behaviour of the QNMs.
The time dependence of the QNM frequencies described above would produce differences in the gravitational waveforms emitted by the PNS which, if detected, would provide valuable information on the underlying EoS. The waveform emitted by a star oscillating in a QNM with frequency ν and damping time τ can be written as h(t) = h 0 e −(t−t0)/τ sin[2πν(t−t 0 )], where h 0 is the initial amplitude and t 0 some initial time. Since the mode energy is proportional to the square of the wavefunction, E QNM ∝ e −2(t−t0)/τ , and the gravitational wave
. Therefore, QNMs with smaller damping times are more effective in extracting energy from the PNS in the form of GWs. In a cold star τ f < τ p , and this means that the energy will be radiated mainly at the frequency of the fundamental mode. However, during the first second of the PNS life the situation is quite different; the lower panel of Fig. 9 shows that the p 1 -mode has a damping time τ p1 ≃ 1 s, smaller than that of the f -and of the g 1 -modes, and it can be more effective in radiating energy than the fundamental and the first g-mode. After the first second, the fundamental mode becomes the more efficient GW emitter.
It should be stressed that the mechanical energy of a newly born PNS is dissipated in gravitational waves only in part. GWs compete with other dissipative mechanisms associated to neutrino diffusion; therefore, gravitational waves will be emitted by a PNS only if τ GW is smaller than the dissipation timescales typical of neutrino diffusion. These have been estimated to be of the order of τ ν ∼ 10 − 20 s (see [15] for a discussion on this issue and references therein). From the lower panel of Fig. 9 we see that the damping times of the f -and p 1 -modes are always smaller than τ ν , whereas τ g1 becomes larger than τ ν after the first few tenths of seconds. Thus, if the PNS has a significant amount of mechanical energy to release, we can reasonably expect that a part of it will be released in gravitational waves.
Recent 3-D simulations of the early explosion phase of core-collapse supernovae and of the following accretion phase [46, 47] show that other phenomena than stellar oscillations may contribute to gravitational wave emission; for instance, standing accretion shock instability and convection, which are shown to be associated to stochastic oscillations, and to unstable g-modes, different from the stable g-modes considered in this paper. For a review see also [48] .
B. A fit of the fundamental and first p-mode periods
In non-relativistic variable stars (as Chepheids), the ratio of the periods P 1 /P 0 = ν f /ν p1 of the first overtone (that corresponds in the language of stellar oscillations in GR to the first p-mode) and of the fundamental mode is a function of the quantity Q 0 = P 0 ρ/ρ ⊙ , where P 0 = ν −1 f and ρ ⊙ = 2.97 × 10 −18 M ⊙ /km 3 is the mean Sun density (see e.g. [49] ). We have fitted the ratio P 1 /P 0 ≡ ν f /ν p1 with a linear dependence on Q 0 ∝ √ρ /ν f , obtaining
The result of the fit is shown in Fig. 10 ; the corresponding reduced chi-square is rather low:χ = 3.2 × 10 −4 . This is an indication that, even in PNSs, the ratio P 1 /P 0 could be an universal property, independent of the masses and EoSs of the PNS.
VI. CONCLUSIONS
In this paper we have studied the evolution and the gravitational wave emission of a proto-neutron star in the Kelvin-Helmholtz phase, that is the period of the neutron star life subsequent to the supernova explosion, until the star becomes transparent to neutrinos. To perform such a study, we have written a new general relativistic, one-dimensional, energy-averaged, and flux-limited PNS evolutionary code which evolves a general EoS consistently. In particular, we have considered three nucleonic EoSs and three stellar masses, and we have determined the neutrino cross sections self-consistently with the corresponding EoS. The EoSs considered are all nucleonic (without hyperons) and are obtained (i) by the extrapolation from the measured nuclear properties (the LS-bulk EoS [19] ) (ii) by the nuclear relativistic mean-field theory (the GM3 EoS [23] ) (iii) by the nuclear non-relativistic many-body theory (the CBF-EI EoS [20, 21] ). We have determined the frequencies of the quasi-normal oscillation modes for the different EoSs and stellar masses using the general relativistic stellar perturbation theory. The main improvements with respect to previous works introduced by our study are the following.
• We have developed and tested a new fitting formula for the interacting part of the baryon free energy (i.e., neutrons plus protons), which is valid for high density matter, finite temperature, and arbitrary proton fractions. We used this fitting formula to derive the other thermodynamical quantities. This formula is suitable to be used in evolutionary codes.
• We have computed the neutrino cross sections for the many-body theory EoS of [20, 21] . They have been computed at the mean-field level [32] , that is, the interaction between baryons has been accounted for modifying the baryon energy spectra by means of density-, temperature-, and compositiondependent effective masses and single-particle energies.
• We used these neutrino cross sections to evolve the PNS with the many-body EoS in a consistent way. To our knowledge, this is the first time that a PNS with a many-body EoS has been evolved with consistently determined neutrino opacities. From this evolution, we have determined the stellar quasinormal modes.
Our main results are the following.
• The PNS evolution depends on the adopted EoS.
In particular, for the many-body EoS CBF-EI the PNS cooling is faster than that with the mean-field EoS GM3, which in turn is faster than that with the extrapolated EoS LS-bulk. In the extrapolated EoS LS-bulk the effective baryon masses have been assumed to be equal to the bare ones, and the result is that this EoS is "less interacting" than the others in the computation of the neutrino cross sections.
• The deleptonization of the PNS with the CBF-EI EoS is almost completed at the end of the Jouleheating phase (similarly to what was found in the first PNS numerical studies by [1] and [2] ), whereas the deleptonization for the GM3 and LS-bulk EoSs proceeds during the cooling phase (as found in [3] ).
Pons et al. [3] explained this difference with the over-simplifications in the treatment of the neutrino opacities in [1, 2] . However, we compute the neutrino cross sections for the CBF-EI and the other EoSs with the same procedure of [3] . Therefore, the faster deleptonization is a feature also due to the EoS properties and not only to the treatment of neutrino opacities.
• The total number of electron antineutrinos detected depends on the gravitational binding energy but is not completely determined by it. In particular, the CBF-EI EoS has more antineutrinos detected than the LS-bulk EoS, even though its binding energy is smaller. This is due to the fact that the PNS with CBF-EI EoS has higher temperatures than those with the other EoSs, hence the electron antineutrino distribution function at the neutrinosphere is smoother and more antineutrinos have energies larger than the detector energy threshold. This result remarks the importance of an accurate modeling of the PNS evolution in order to extract information on the PNS physics from the neutrino signal.
• We show that during the first second, the frequencies at which the PNS oscillates emitting gravitational waves have a non monotonic behaviour. The fundamental mode frequency decreases, reaches a minimum and then increases toward the value corresponding to the cold neutron star which forms at the end of the evolution. The frequency of the first g mode increases, reaches a maximum and then decreases to the asymptotic zero limit, that of the mode p 1 has a less pronounced minimum at earlier times with respect to the f mode. We show that this behaviour, already noted in [15] for the EoS GM3, is a generic feature when the PNS evolution is consistently described, and that the timescale depends on the EoS. Indeed the time needed to reach the minimum (maximum) for the f -(g 1 -) mode can differ by as much as half a second for the EoS we consider.
During the first second, the damping time of all modes is shorter than the neutrino diffusive timescale (∼ 10 s); therefore gravitational wave emission may be competitive in subtracting energy from the star. This remains true at later time only for the fundamental mode and for the first p mode. However, the damping time of the f mode is much shorter, thus we should expect that after the first few seconds gravitational waves will be emitted mainly at the corresponding frequency.
• The QNM frequencies depend not only on the EoS, but also on the stellar baryon mass. In particular, we find that for a lower mass, at the beginning the p 1 -mode has higher frequency; for instance, for the 1.25 M ⊙ star it approaches 2 kHz.
• We have found a relation between the fundamental and first p-mode frequencies and the mean stellar density [Eq. (57)] which is valid during all PNS phases for the cases considered in this paper. This may be an universal property of PNSs, independent of the mass and the EoS.
This paper may be improved in several directions. About the microphysics, improvements may be done to the neutrino cross section treatment, for example including the effects of collective excitations [50, 51] and the weak magnetism correction [52] . Consistently computed neutrino cross sections in the many-body theory for finite temperature and high density matter would be welcome too. About the EoS, it would be interesting to include more physical ingredients, like hyperons and the presence of a crust (alpha particles and a lattice). However, we do not expect dramatic changes for the inclusion of a crust since we have checked that alpha particles do form only near the stellar surface and towards the end of our simulations (Appendix B 3). About the PNS evolution, it would be interesting to abandon the request of beta equilibrium (even though, we have checked that beta equilibrium is almost respected in most of the star, apart for a region near the stellar layer at the beginning of the simulation, see Appendix B 2 and [1, 3] ) and to allow for the presence of muons and tauons, accounting for the transport of their relative lepton numbers. A major improvement to our work would be the inclusion of accretion [9, [11] [12] [13] and convection [10] , which could have an important effect on the evolution. Finally, we are using as initial configurations the final profile obtained from an old simulation [35] , conveniently rescaling it with the total stellar mass. This brings a significant amount of uncertainties; to increase the accuracy of the evolution it would be important to consistently use the final profiles of more modern core-collapse simulations. (11) . In the first column, we report the fitting coefficient for SNM and PNM, in the second and third columns we report the results of the fit for the GM3 and CBF-EI EoSs, in the fourth and last column, we report the polynomial that is multiplied by that coefficient in the fitting formula. In the last two rows we report the number of points used in the fit and the reduced chi-squared. Energies are in MeV and lengths in fm. 
Energy and lepton number conservation
The total energy and other quantum numbers (i.e., the baryon number) are conserved in every physical process. Our code enforces the conservation of the total baryon number A = M B /m n , but as it evolves, the PNS loses energy and lepton number since neutrinos are allowed to escape from the star. Since the total energy of a star (matter plus neutrinos) in spherical symmetry is given by its gravitational mass M , the total energy of the system (stellar energy plus energy of the emitted neutrinos) is given by
where L ν is defined in Eq. (49) . Similarly, for the electron lepton number,
where N L is the total number of electronic leptons in the star, and F ν is the electron neutrino number flux (we do not account for the other lepton numbers since we do not include muons and tauons in the EoSs and moreover µ νµ = µ ντ = 0). Since the conservation of E total and N total has not been enforced, they provide a test for our simulations. From Fig. 11 and from the top plot of Fig. 12 , it is clear that they are conserved better than about 0.03% during the evolution.
In Fig. 12 we show, for different fixed timesteps and for different grid dimensions, the total and instantaneous energy conservation from 0.2 s to 1 s. The instantaneous energy fractional conservation is defined as
We see that reducing the timestep the energy conservation is improved. The instantaneous energy fractional conservation as a function of time shows regular spikes, whose number doubles (triples) if we double (triple) the grid points, and whose magnitude is approximately inversely proportional to the timestep. We explain these spikes with the non-linearity of the transport equations ( [36] , Sec. 19.1). In fact, the temperature and the neutrino degeneracy appear inside and outside the gradients in the transport equations [Eqs. (40)- (43)]. As a consequence, the power in the Fourier space is accumulated in the shorter wavelengths and is finally released in the longer wavelengths of the solution. This explains why the frequency of the peaks changes with the grid spacing. The spikes of the instantaneous energy conservation have magnitudes which increase when the timestep is lowered, since one is dividing over a smaller timestep an approximately constant energy jump, [M (t + dt) − M (t)]/dt. These spikes do not undermine the overall conservation of the energy and lepton number and the PNS evolution, see Fig. 11 and upper plot of Fig. 12. 
Beta equilibrium
Our code (as in [2] ) assumes beta equilibrium, Eqs. (14) . This approximation is valid if the timescale of the beta equilibrium is shorter than the dynamical timescale. We estimate the beta equilibrium timescale using Eqs. (16) and (17a) of [1] ,
where D n is the net rate of production of electronneutrinos, η = µ/T is the degeneracy parameter, and ∆ = 0 in the case of beta equilibrium (we refer the reader to [1] for more details). Since we have assumed beta equilibrium, we put 1 − exp(−∆/T ) ≡ 1 to estimate the corresponding timescale. This means that the value of the beta equilibrium timescale is not fully consistent.
Since the PNS structure changes due to how neutrinos transfer energy and lepton number through the stellar layers, we estimate the dynamical timescale with the formula
where n ν (r) and F ν (r) are the neutrino number density and number flux, respectively (which depend on the radial coordinate r), and R is the stellar radius (notice that F ν /n ν has the dimensions of a velocity).
In Fig. 13 we plot the dynamical and beta equilibrium timescales for a PNS with the CBF-EI EoS and M B = 1.60 M ⊙ . The beta equilibrium is valid in most of the star, apart for a thin shell near the stellar border. Towards the end of the evolution the dynamical timescale seems to reduce, and this is counterintuitive. In fact, we have associated the dynamical timescale with the neutrino timescale. This is not true towards the end of the evolution, since as the PNS becomes optically thin the neutrinos decouple from the matter and the diffusion approximation breaks down. At that point, the neutrino timescale drops, but the stellar dynamics is actually frozen.
Baryon gas assumption
In this paper we have not considered the formation of any kind of crust or envelope, that is, the EoS baryon part is made by an interacting gas of protons and neutrons. However, at low temperature and baryon density, the matter is not constituted by a gas of baryons only. The alpha particles (i.e., Helium nuclei) are the first species that appears decreasing the temperature and the density. The critical temperature at which alpha particles begin to form, that is, the lowest temperature at which protons and neutrons are present alone as an interacting gas, depends on the baryon density and the proton fraction. Eq. (2.31) of [19] is an estimate of this critical where n s and K s are the saturation density and the incompressibility parameter at saturation density of symmetric nuclear matter. Eq. (B9) is valid for n B < n s , otherwise no alpha particles may form. In Fig. 14 we report the profiles of the critical temperature and the PNS temperature for different snapshots of a PNS with the CBF-EI EoS and with M B = 1.60 M ⊙ ; the results for the other EoSs and baryon masses are similar. As expected, the assumption of a proton-neutron interacting gas is valid at the beginning of the simulation and loses accuracy towards the end of the evolution, when it is not valid only in the outermost layers. 
